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Summary. We consider nonlinear optimal control problems with mixed state-
control constraints. A discretization of the Bolza problem by a Legendre pseudospec-
tral method is considered. It is shown that the operations of discretization and dual-
ization are not commutative. A set of Closure Conditions are introduced to commute
these operations. An immediate consequence of this is a Covector Mapping Theorem
(CMT) that provides an order-preserving transformation of the Lagrange multipli-
ers associated with the discretized problem to the discrete covectors associated with
the optimal control problem. A natural consequence of the CMT is that for pure
state-constrained problems, the dual variables can be easily related to the D-form of
the Lagrangian of the Hamiltonian. We demonstrate the practical advantage of our
results by numerically solving a state-constrained optimal control problem without
deriving the necessary conditions. The costates obtained by an application of our
CMT show excellent agreement with the exact analytical solution.

1 Introduction

Many problems in control theory can be formulated as optimal control prob-
lems [5]. From a control engineer’s perspective, it is highly desirable to obtain
feedback solutions to complex nonlinear optimal control problems. Although
the Hamilton-Jacobi-Bellman (HJB) equations provide a framework for this
task, they suffer from well-known fundamental problems [1, 3, 5], such as the
nonsmoothness of the value function and the “curse of dimensionality”. The
alternative framework of the Minimum Principle, while more tractable from
a control-theoretic point of view, generates open-loop controls if it can be
solved at all. The Minimum-Principle approach is also beset with fundamen-
tal numerical problems due to the fact that the costates are adjoint to the
state perturbation equations [3]. In other words, the Hamiltonian generates
a numerically sensitive boundary value problem that may produce such wild
trajectories as to exceed the numerical range of the computer [3]. To overcome
this difficulty, direct methods have been employed to solve complex optimal
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control problems arising in engineering applications [2]. While the theoretical
properties of Eulerian methods are widely studied [5, 12], they are not practi-
cal due to their linear (O(h)) convergence rate. On the other hand, collocation
methods are practical and widely used [2], but not much can be said about
the optimality of the result since these methods do not tie the resulting so-
lutions to either the Minimum Principle or HJB theory. In fact, the popular
Hermite-Simpson collocation method and even some Runge-Kutta methods
do not converge to the solution of the optimal control problem [10]. This is be-
cause an N*"-order integration scheme for the differential equations does not
necessarily lead to an N*"-order approximation scheme for the dual variables.
That is, discretization and dualization do not necessarily commute [14]. By
imposing additional conditions on the coeflicients of Runge-Kutta schemes,
Hager[10] was able to transform the adjoint system of the discretized problem
to prove the preservation of the order of approximation. Despite this break-
through, the controls in such methods converge more slowly than the states
or the adjoints. This is because, the controls are implicitly approximated to
a lower order of accuracy (typically piecewise linear functions) in the discrete
time interval.

In this paper, we consider the pseudospectral (PS) discretization of con-
strained nonlinear optimal control problems with a Bolza cost functional[6, 8,
9]. PS methods differ from many of the traditional discretization methods in
the sense that the focus of the approximation is on the tangent bundle than
on the differential equation[15]. In this sense, they most closely resemble finite
element methods but offer a far more impressive convergence rate known as
spectral accuracy[17]. For example, for smooth problems, spectral accuracy
implies an exponential convergence rate. We show that the discretization of
the constrained Bolza problem by an N*'-order Legendre PS method does
not lead to an N*"-order approximation scheme for the dual variables as pre-
viously presumed[7, 9]. However, unlike Hager’s Runge-Kutta methods, no
conditions on the coefficients of the Legendre polynomials can be imposed to
overcome this barrier. Fortunately, a set of simple “closure conditions,” that
we introduce in this paper, can be imposed on the discrete primal-dual vari-
ables so that a linear diagonal transformation of the constrained Lagrange
multipliers of the discrete problem provides a consistent approximation to the
discrete covectors of the Bolza problem. This is the Covector Mapping Theo-
rem (CMT). For pure state-constrained control problems, the CMT naturally
provides a discrete approximation to the costates associated with the so-called
D-form of the Lagrangian of the Hamiltonian[11]. This implies that the or-
der of the state-constraint is not a limiting factor and that the interior point
constraint at the junction of the state constraint is not explicitly imposed.
More importantly, the jump conditions are automatically approximated as a
consequence of the CMT. These sets of results offer an enormously practical
advantage over other methods and are demonstrated by a numerical example.
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2 Problem Formulation

We consider the following formulation of an autonomous, mixed state-control
constrained Bolza optimal control problem with possibly free initial and ter-
minal times:

Problem B

Determine the state-control function pair, [r0,7/] 2 7 — {& € RY u €
RY«} and possibly the “clock times,” 79 and T¢, that minimize the Bolza cost
functional,

s
Ta(),ul).m,7s) = E(e(m)alry)h o) + [ Fla(ru(m)dr (1)
subject to the state dynamics,

i (7) = f(z(7), u(7)) 2)

end-point conditions,

e(z(r0), @(7y),70,77) =0 (3)
and mixed state-control path constraints,
h(z(r), u(r)) < 0 (4)

Assumptions and Notation

For the purpose of brevity, we will make some assumptions that are often
not necessary in a more abstract setting. It is assumed the functions E :
RYs xRN> xRxR — R, F : RNs xRN« - R, f: RNe xRN« — RN=_ e : RN=x
RY xRxR — RN, h: RV= xRN« — R™» are continuously differentiable with
respect to their arguments. It is assumed that a feasible solution, and hence an
optimal solution exists in an appropriate Sobolev space, the details of which
are ignored. In order to apply the first-order optimality conditions, additional
assumptions on the constraint set are necessary. Throughout the rest of the
paper, such constraint qualifications are implicitly assumed. The Lagrange
multipliers discussed in the rest of this paper are all assumed to be nontrivial
and regular. The symbol Ny with a defining subscript is an element of the
Natural numbers N. Nonnegative orthants are denoted by Rf". The shorthand
h[7] denotes h(x(7),u(7)). By a somewhat minor abuse of notation, we let hy,
denote h™[r;] = h(z™ (73,), " (1)) where the superscript N denotes the N*"
degree approximation of the relevant variables. The same notation holds for
all other variables. Covectors are denoted by column vectors than row vectors
to conform with the notion of a gradient as a column vector.

Under suitable constraint qualifications[11], the Minimum Principle iso-
lates possible optimal solutions to Problem B by a search for vector-covector
pairs in the primal-dual space. Denoting this as Problem B?, it is defined as:
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Problem B*

Determine the state-control-covector function 4-tuple, [19,7¢] 3 7 — {x €
RN u € RVe, X € R+, pu € RY"}, a covector v € RNe, and the clock times
7o and 7 that satisfy Eqgs.(2)-(4) in addition to the following conditions:

Ar) = - 22 (5)
oL
oL (6)
{X(70), A(1p)} = {aii—eo)’ aij(ief)} v
{H[mo), H[rs]} = {gij _gf;} o

where L is the D-form of the Lagrangian of the Hamiltonian defined as[11],
L(z,u,\, 1) = H(z,u,\) + p" h(x,u) (9)
where H is the (unminimized) Hamiltonian,
H(z,u,\) = ATf(z,u) + F(z,u) (10)
and p € Rfﬁ satisfies the complementarity condition,
WT (DBl =0 Vr € [ro, 7] (11)
In the above equations, F, is defined as

Ee(x(r0), &(74), 70,75, v) = E(2(s), 2(10), 70, 77) + v e(@(r0), &(75), 70, 1)
(12)

If the path constraint, Eq.(4), is independent of the control (i.e. a pure
state constraint), then the costate, A(7), must satisfy the jump condition[11],

A (7o) = AT (1) + (%) n (13)

where 17 € RV» is a (constant) covector which effectively arises as a result of
the implied interior point constraint (with a pure state constraint),

h(z(r)) =0 (14)

where 7. denotes the entry or exit point of the trajectory. The important
point to note about the jump condition, Eq.(13), is that it is derived by
explicitly imposing the constraint, Eq.(14). This is important from a control-
theoretic point of view but as will be apparent from the results to follow in the
Legendre pseudospectral method, it is not necessary to explicitly impose this
constraint. In fact, the method automatically determines an approximation to
the covector jump as part of the solution.
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3 The Legendre Pseudospectral Method

The Legendre pseudospectral method is based on interpolating functions on
Legendre-Gauss-Lobatto (LGL) quadrature nodes[4]. These points which are
distributed over the interval [—1,1] are given by ¢, = —1, ¢y = 1, and for
1 <1< N-1, t; are the zeros of L ~, the derivative of the Legendre polynomial
of degree N, Ly. Using the affine transformation,

r(t) = (1 — To)t;- (T + 70) (15)

that shifts the LGL nodes from the computational domain ¢ € [—1,1] to the
physical domain 7 € [rg, 7], the state and control functions are approximated
by Nth degree polynomials of the form

N

a(r(t) ~ 2™ (7(1) = Y wmieu(t) (16)
=0

u(r(t)) = u’(r(t) = Y wi(t) (17)
=0

where, for [ =0,1,...,N

1 (2 —1)Ln(t)
(N+DLy(t)  t—1

Pu(t) = N

are the Lagrange interpolating polynomials of order N. It can be verified that,

lifl=k
(m(tk):élk:{olfl?ék

Hence, it follows that x; = ™ (7;), w; = ™ (n;) where 7, = 7(#;) so that
T~ = 7¢. Next, differentiating Eq. (16) and evaluating it at the node points,
tr, results in

N

dxN dxN dt 2 2
N Z
" () dr lr=r dt drly, 77 —70 0 K f s (18

where Dy, = ¢;(t) are entries of the (N 4 1) x (N + 1) differentiation matrix
D [4]

Ln(te) 1 k# I

L (t) “te—t;

SNED k=1 =0

D :=[Dy] := (19)
N(N+1 I

NNH)  p=1=N

0 otherwise
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This facilitates the approximation of the state dynamics to the following al-
gebraic equations

Tf*’l'o
2

N
f(mk,uk)*szlmzzﬂ k=0,...,N
1=0

Approximating the Bolza cost function, Eq.(1), by the Gauss-Lobatto inte-
gration rule, we get,

N
Tr — T
JIXN,UN 70, 75] = E(wo, TN, 70,77) + % > F (g, up)wi

k=0
where
XN = [xo;xy;. . xn], UY =|ugiug;...;uy]
and wy, are the LGL weights given by
2 1
W = k=0,1,...,N

N(N +1) [Ly(tg)]?’

Thus, Problem B is discretized by the following nonlinear programming (NLP)
problem:

Problem BN

Find the (N +1)(N,+N,)+2 vector X yp = (X™;U"; 19, 74) that minimizes

J(Xnp) = JV = E(zo, zn, 70, 77) + L ;TO iF(azk,uk)wk (20)
k=0
subject to
I ;TO f(ar, up) — XN:DM:E[ =0 (21)
e(xo, .’El;(jTo,Tf) =0 (22)
h(xp,u;) <0 (23)

for k=0,...,N.
Problem B* can also be discretized in much the same manner. Approxi-
mating the costate by the N** degree polynomial,

N
A () = AV (7 () = > Nen(t) (24)
=0

and letting Anp = [Ao; A5 .. AN; Ho; M5 - - -3 Bs Vo; V], we can discretize
Problem B* as,
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Problem BV

Find X yp and Axp that satisfy Eqs.(21)-(23) in addition to the following
nonlinear algebraic relations:

N
Ly
ZDM)\Z e (25)
I
2
7a; ~° (26)
OE, OF.
o) = {5, amN} 27)

(#to, 1y = { 522, - 22| (29)

aTN
pih, =0, p, >0 (29)

for k=0,...,N.

Remark 1. In the case of pure state constraints, it is necessary to determine
a priori a switching structure and impose the jump conditions for optimality.
Assuming a sufficiently large N, the jump condition can be approximated as,

Alte) = Altes1) + (%)Tﬂ

(30)
for all points t. that are the junction points of the switching structure. This
is the indirect Legendre pseudospectral method[8] and represents a discretiza-
tion of the multi-point boundary value problem. It is obvious that the direct
method (Problem BY) is far simpler to implement than the indirect method.
This is true of any direct/indirect method[2]. However, unlike the indirect
method, not much can be said about the optimality or the convergence of the
direct method. The theorem of the next section shows how to get the high
performance of the indirect method without actually implementing it by way
of the significantly simpler implementation of the direct method.

3.1 KKT Conditions for Problem BN

The Lagrangian for Problem B¥, can be written as

7Y (Xnp, v, A, n) = JN(XNP)+17Te($07wN770;Tf)+

N

> (R0 - X} + Al (Xar)) (31
=0

where v, Xl,ﬁl are the KKT multipliers associated with the NLP. Using
Lemma 1 below, the KKT conditions may be written quite succinctly in a
certain form described later in this section.
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Lemma 1. The elements of the Differentiation Matriz, D;;, and the LGL
weights, w;, together satisfy the following properties,

w; Di, + wp Dy = 0 LWwk=1,...,N—1 (32)

For the boundary terms, we have 2woDyg = —1, and 2wy Dyn = 1. Further,

Zi]\;O w; = 2.
For a proof of this, please see [9].

Lemma 2. The LGL-weight-normalized multipliers i‘—:, 5—: satisfy the same

equations as the discrete costates (Cf. Eq.(25)) at the interior nodes, k =
1,...N —1; i.e., we have

Tm(mka k> ZDM< i) =0 (33)

Proof: Consider the interior state variables (z1,...Ty_ 1) From applying the

KKT condition at the interior nodes to Eq.(31), i.e. % = 0, we have

0 [~ _ aJN
. [ZA [ -] + /%Thi‘| = ar (34)

P

1=

Since the functions f, h, F' are evaluated only at the points t;, we have

N1 -7 — T T —10 [ Of \ ~
Z)‘i ( ! 5 Ofi) +ﬁiThi+ 5 O Fw; | = L2 <—k) Ak +
i=0

2 a:l:k
= OF, (OB
2 oz, Wk (8wk at (35)

For the term involving the state derivatives, a more complicated expression is
obtained since the differentiation matrix D relates the different components
of xy, :

N . N B
ZN di] = ZDikAi (36)
i=0 i=0

From Lemma 1, D;;, = —%Dki, therefore by putting together Egs. (35)-(36),
Wy
the following is obtained for k =1,...,N —1:

T N N T
75 — To OF, =10 (Of\ % i on \ 7 _
- (=] A Dy | = — =0
2 aﬂlkwk+ 2 (amk k+wk; F W; + 8mk H
(37)
Dividing Eq. (37) by wy, yields the desired result for k=1,...,N — 1. O
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Lemma 3. The LGL-weight-normalized multipliers i‘—:, g—: satisfy the dis-
crete first-order optimality condition associated with the minimization of the

Hamiltonian at all node points:

, = 25y =0 38
8uk(wk’ 5 o wk) (38)

Proof: Considering the terms that involve differentiation with respect to
the control variables uy, in Eq. (31) yields

T T N
Tf —T0 8fk g 8hk ~ 8J
— 4 (== =—— k=0,...,N.
< 2 8uk> Ak + <8uk al auk K O’ ’ (39)

Since

N —
07 (Tf TO) O (40)

8uk - 2 auk
dividing Eq.(39) by w, yields the desired result. O

Lemma 4. At the final node, the KKT multipliers satisfy the following equa-
tion:

oL )\N U'N o
wWN (awN(mNa N7 a ZDN’L w; =CnN (41)

Ay OFE,
—_— - = 42
wy  Oxy N (42)

where B, = E.(xo, N, To, TN, V)

Proof: The following KKT condition holds for the last node:

de \"_ 1p—m (Ot \" % ohy\" - aJN
SR et D. -7
(83:1\;) vt 2 (3mN> AN Z NA + (8:131\7 K GJ:N

(43)

Using the relationship

1
Din=—"Dn;, i#N and 2Dyy=—
wy

%

and adding 2Dy NS\ N = i}‘—x to both sides of Eqn (43) and rearranging the
terms, the following is obtained:

Y T
Tf—T() 8FN Tf—TO 8fN g )\ 8hN
( 2 <8wN>wN+ 2 <8wN )‘N—HUNZDNZ ; dxN

=0

KN

>:
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OF de \" -
ZDNNAN — % — (6.’,661\[) 174 (44)

or

oL )\N uN Ay OE.
—_— —_— § Dyi— | = — — = .0
wN <8scN (CBN, UN, Ni ws . N CN

Corollary 1. The result for the zeroth node (i.e. initial time condition) can
be shown in a similar fashion:

oL Ao uo _ Ao OB _
—wo <8a:0 (o, uo ZDOz w ) " T, =

Lemma 5. The Lagrange multipliers Xl and v satisfy the condition,

by OF,

7;“& m’muuai) = 767’]\/’ (45)
Xi, OE,

—sz wzauu_i) = 8—7’0 (46)

Proof: Applying the KKT condition for the variable, 7, we have,

Zwl <F+ f)

and hence the first part of the lemma. The second part of the lemma follows
similarly by considering the variable 7p. O
Collecting all these results, and letting

OF N T

o~

=0

ZNP = [;\O§S\1§~-~§XN§ﬁO;ﬁ1§-~§ﬁN§§O§’7f]

the dualization of Problem BY may be cast in terms of Problem BV*:

Problem BN

Find X yp and Ayp that satisfy Eqs.(21)-(23) in addition to the following
nonlinear algebraic relations:

—,—)=0 k=0,...,N 47
B} (mka kawkawk ) ) ( )
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and

i:]]:; - gf; cN (51)

aa—wLO(wO o,ﬁ,@ ZDO’T _Z;_(; (52)

%Z + gfg o (53)

%éwi}[(mi,ui,i—z) = —gf; (54)

%éwiH(wi,uhi—i) = %ie (55)

where ¢y and cy are arbitrary vectors in RN= . The deliberate formulation of
the KKT conditions for Problem B¥ in the above form facilitates a definition
of Closure Conditions:

Definition 1. Closure Conditions are defined as the set of constraints that
must be added to Problem BN* so that every solution of this restricted problem
is equivalent to the solution of Problem BMY

From this definition, the Closure Conditions are obtained by simply match-
ing the equations for Problems BV to those of Problem B*V. This results
in,

co=0 (56)
CN = (57)
N ~
1 A
§ZwiH(azi,ui,J) = HO :HN (58)
i=0 ¢

The Closure Conditions facilitate our main theorem:

The Covector Mapping Theorem

Theorem 1. There exist Lagrange multipliers :\i,ﬁi that are equal to the
pseudospectral approzimations of the covectors AN (), u™N (1:) at the shifted
LGL node m; multiplied by the corresponding LGL weight w;. Further, there
exists a v that is equal to the constant covector v. In other words, we can
write,

)‘N(Ti) = *., HN(Ti) = 7:7 v=v (59)
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3.2 Proof of the Theorem

Since a solution, {x;, w;, A;, w;, v}, to Problem B*" exists (by assumption),

it follows that {x;, u;, w;\;, w;p;, v} solves Problem BM* while automati-
cally satisfying the Closure Conditions. Conversely, a solution, {x;, u;, A;, @;, U},
of Problem BM* that satisfies the Closure Conditions provides a solution,

{x;, u, A, Bi 51, to Problem BM. O

w; ? w;

Remark 2. A solution of Problem BM¥ always provides a solution to Problem
BN*: however, the converse is not true in the absence of the Closure Condi-
tions. Thus, the Closure Conditions guarantee an order-preserving bijective
map between the solutions of Problem BY* and BAN. The commutative dia-
gram depicted in Fig.1 captures the core ideas.

convergence
Problem B* =————_— Problem B *N

discretization Covector
(indirect) Mapping
gap Theorem

Problem B N*

S

E c

3 s

3 IS
©
>
kel

convergence
ProblemB =*———— Problem BN

discretization
(direct)

Fig. 1. Commutative Diagram for Discretization and Dualization

Remark 3. The Closure Conditions given by ¢y = 0 = cy are a simple re-
quirement of the fact that the PS transformed discrete adjoint equations be
satisfied at the end points in addition to meeting the endpoint transversal-
ity conditions. On the other hand, the condition given by Eq.(58) states the
constancy of the discrete Hamiltonian in a weak form (see Lemma 1).

Remark 4. The Closure Conditions signify the closing of the gap between
Problems BM* and B which exist for any given degree of approximation,
N. The issue of convergence of Problem BY to Problem B via Problem B*Y
is discussed in Ref.[13].

4 Numerical Example

To illustrate the theory presented in the previous sections, the Breakwell
problem|[3] is considered:
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1
J:—/ u? dt
2 /o

subject to the equations of motion

Minimize

io(r) =wv(r),  O(1) =u(r)
the boundary conditions
2(0)=0, z(1)=0, v»(0)=1.0, ov(1)=-1.0

and the state constraint
z(r) <£=0.1

Figures 2 and 3 demonstrate the excellent agreement between the analyt-
ical solution[3] and the solution obtained from our Legendre pseudospec-
tral method. The solution was obtained for 50 LGL points with the aid of
DIDOJ[16], a software package that implements our ideas. The cost function
obtained is 4.4446 which agrees very well with the analytic optimal result of
J = & = 4.4444. Tt is apparent that the optimal switching structure is free-
constrained-free. The costates corresponding to the D-form of the Lagrangian
are shown in Figure 4. Note that the method adequately captures the fact
that A\, should be continuous while A, should have jump discontinuities given
by,3

Az (15) = S (1y) = j=1,2 7 =3, 7,=1-3¢

2
9¢2
Figure 4 exhibits a jump discontinuity of 22.2189 which compares very well
with the analytical value of 22.2222.

5 Conclusions

A Legendre pseudospectral approximation of the constrained Bolza problem
has revealed that there is a loss of information when a dualization is per-
formed after discretization. This information loss can be restored by way of
Closure Conditions introduced in this paper. These conditions also facilitate a
spectrally accurate way of representing the covectors associated with the con-
tinuous problem by way of the Covector Mapping Theorem (CMT). All these
results can be succinctly represented by a commutative diagram. The practi-
cal advantage of the CMT is that nonlinear optimal control problems can be
solved efficiently and accurately without developing the necessary conditions.
On the other hand, the optimality of the solution can be checked by using
the numerical approximations of the covectors obtained from the CMT. Since
these solutions can presently be obtained in a matter of seconds, it appears
that the proposed technique can be used for optimal feedback control in the
context of a nonlinear model predictive framework.

3 Ignoring the typographical errors, the costates given in Ref.[3] correspond to the
P-form[11] and exhibit a jump discontinuity in A, as well.
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’; position

\

velocity

\

0.6 07 08 0.9

p\

L
0.1 02 03 04 0.5
Time

. Solid line is analytical.

Fig. 2. PS states, x and v

1 T

Control, u

0.4 0.5 0.6 0.7 08 0.9 1

Time

Fig. 3. PS control, u. Solid line is analytical.

50 T T T 10
\\\ lambda,_
— lambda,
oF ad o
- *
F
*

50 . . . . . . . . . _10

02 03 04 05 06 07 08 09 1

Time

Fig. 4. Costates, Ay and A\, from CMT. Solid line is analytical.
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